Abstract-The task in control allocation is to allocate a specified generalized force to a redundant set of control effectors where the associated actuator control inputs are constrained, and other physical and operational constraints and objectives should be met. In this paper we consider a convex quadratic approximation to a control allocation problem for a thruster-controlled floating platform with eight rotatable azimuth thrusters where the high level controller is assumed to specify three generalized forces; surge, sway and yaw. The optimization problem is solved explicitly by viewing the generalized forces as a vector of parameters and utilizing parametric programming techniques, leading to a continuous piecewise affine (PWA) function implementing the optimal control allocation. Experimental results from a test basin with a 1:100 scale model of a platform are presented. It is shown how thruster and machinery failure scenarios can be handled by automatic reconfiguration of the control allocation, exploiting symmetry of the thruster configuration.
I. INTRODUCTION
The task in control allocation is to determine how to allocate a specified generalized force to a redundant set of actuators and effectors where the associated controls are constrained, see [1] - [11] . It is also common to incorporate secondary objectives, such as minimizing power consumption, power transients and mechanical tear and wear. Several other factors, such as actuator-and control effectordynamics, and physical and operational constraints, including the effect of thruster and machinery failures, should also be incorporated. One way of achieving these goals is to solve a constrained optimization problem online at every sampling instant. A control allocation approach to control design has the advantage that a high level control law that is independent of actuator and effector configuration can be designed. The approach effectively utilizes redundancy of the effectors to obtain re-configurable and fault tolerant control.
Only recently, it has been proposed to solve the constrained optimization problem off-line [7] , [8] by utilizing parametric programming techniques [12] , [13] . For certain classes of allocation problems the online computational effort then reduces to an evaluation of a piecewise affine function, supported by efficient data structures, see e.g. [14] , [15] .
The main advantages of this approach are: i) removing the need for sophisticated optimization software on the processor, ii) the correctness of the implementation can be more easily verified off-line, which is a key issue in safety critical applications, iii) the worst case number of arithmetic operations needed to find the solution can easily be computed, iv) the average and worst case number of arithmetic operations needed to find the solution is usually greatly reduced, and v) evaluation of the PWA function can be implemented using fixed point arithmetic. The main drawbacks, on the other hand, are that i) the problem class for which an exact explicit solution strategy is applicable is limited, and in cases where an exact solution can be found ii) obtaining an explicit solution may require excessive off-line computations, and iii) the storage space required to represent the solution may be prohibitive.
In this paper we focus on optimal thrust allocation for a scale model of a thruster-controlled floating platform. Such platforms are commonly used for offshore oil drilling, production, accommondation and heavy-lift operations using dynamic positioning (DP) control. The platform has eight rotatable fixed pitch azimuth thrusters and the high level controller specifies surge, sway and yaw forces. It is well known, see e.g. [16] , that this thruster configuration is designed with sufficient redundancy for the platform to have capability to maintain position and heading after any single point failure in the thruster system or associated machinery system. Regulations for dynamic positioning operations require that redundancy is analyzed, [17] , usually by a Failure Mode and Effect Analysis (FMEA) and that the operating envelope for the worst case single point failure is computed by a capability analysis [18] . Since this is standard industrial practise we do not go into the details of such analysis here, but simply assume the vessel is designed and operated with sufficient redundancy in the machinery and electric power plant according to the FMEA. The task of the control allocation is to determine the thrust magnitude and azimuth angle for each thruster such that the desired surge, sway and yaw forces are generated. Each thruster can physically rotate 360 degrees, but the thrust magnitude is limited. In addition, it is necessary to enforce operational constraints on the azimuth angles to avoid interaction between the thrusters leading to thrust losses. Current non-optimization based approaches to this problem, e.g. [10] , [16] , are either conservative in terms of utilizing only a limited fraction of the attainable force set 1 or not being optimal in terms of power consumption.
Optimization based approaches, both explicit solutions and online optimization, have been successfully tested on marine vessels and other control allocation problems [1] , [2] , [4] , [5] , [7] - [10] . However, the platform has 8 thrusters with a total of 16 control inputs and needs to handle thruster failure conditions, making it questionable whether obtaining an explicit solution is computationally tractable. We demonstrate that obtaining an explicit solution to an approximation of the fault tolerant control allocation problem for the platform is computationally tractable, that the explicit solution can be verified and evaluated with low computational complexity, and that the performance is satisfactory even if rate constraints for the thrusters are neglected.
Fault tolerant control allocation has recently been adressed in [19] - [22] . While constrained optimization approaches will in general allow many faults and failures to be modelled by changing the constraint limits, the approaches [20] - [22] allows more accurate modelling of faults and failures through adapting parameters of the actuator and effector models, and [19] uses a sliding mode approach to achieve robustness and fault tolerance. These approaches may offer additional flexibility in some applications compared to the present approach.
II. STATIC CONSTRAINED CONTROL ALLOCATION.
Consider discrete-time systems on the form
where x ∈ R nx is the state, x + ∈ R nx is the successor state,τ ∈ R nτ is the generalized force, t is time and u ∈ R nu is the control. Assume further that there exists a virtual timevarying high-level controller
that is, our desired generalized force is τ while the actual generalized force isτ . The task in control allocation is to determine controls u, satisfying some constraints u ∈ U ⊆ R nu , that generate the generalized forceτ that is in some sense closest to the desired τ . When it is possible to obtainτ = τ , it is often an uncountable number of combinations of controls that achieve the desired generalized force. Hence, in this case, secondary objectives such as minimization of power consumption and actuator tear and wear can be considered. The set U accounts for input constraints, including disabling of faulty control devices or degraded performance of a control device, see section III-A for further details. While the identification of faults, failures and degraded performance may be a challenging task by itself, this problem is outside the scope of the present paper.
It is common to assume a linear relationship between the controls and the generalized forces [1] - [4] , [7] , [10] , [16] 
In this formulation it is still possible to accommodate for certain actuator and control effector nonlinearities through a nonlinear mapping, as will be done with marine thrust allocation through a quadratic relation between the thruster force and propeller speed. The simplest version of the constrained control allocation problem is to find a solution (u, s) to the equations
such that the slack variable s = 0 (or small) if there exists u ∈ U for which τ =τ = Bu. We will use the following formulation:
where (u, s, τ ) ∈ R nu × R nτ × R nτ , Q ≥ 0 and R ≥ 0 are weight matrices, respectively penalizing use of controls and deviation from desired generalized force, and l ∈ {1, 2, ∞} 2 .
III. EXPLICIT SOLUTIONS VIA PARAMETRIC PROGRAMMING.
Under certain assumptions on the control allocation problem (4), recent progress in parametric programming allows it to be solved explicitly, yielding a piecewise affine solution function [7] . In the parametric programming setup we have that P(τ ) is to be solved for all values of τ ∈ T , where T is the domain of J * (·). Define the set-valued map
In the sequel we let y :
One might distinguish between two types of linear allocation problems; i) where the set U is convex, and ii) when U is non-convex. However, in this paper, we consider only the case where U is convex, closed and polyhedral. This immediately implies that (4) is a convex problem and that it attains its minimum for all τ ∈ T . It is evident that P(·) is either a parametric linear program (pLP) or parametric quadratic program (pQP). These problems have been subject to a vast amount of research, e.g. [12] , [13] . In parametric programming the goal is to partition the set of parameters of interest into a set of smaller regions such that each region is associated with an (affine) function that is optimal for the optimization problem when restricted to its region. For convenience we summarize the solution properties specialized to our problem formulation:
Theorem 1 ( [12] ): Consider problem (4) and let U be a closed polyhedron. 
A. Reconfigurable control allocation.
In many applications it is desirable to be able to switch on and off effectors or to change the constraints imposed on the control inputs to an effector. Reasons for this might be handling of actuator/effector failure, degraded performance and different operational modes. The most straightforward way of achieving this is to define additional parameters φ, and rewrite (4) as
This approach does not significantly complicate the online optimization problem. In addition, if the parametrization U(·) is linear, it is still possible to solve the problem explicitly [7] . However, with parametric programming the complexity of the optimal control allocation u * (·, ·) may become too high for the available memory as solution complexity scales with the number of parameters.
IV. CASE STUDY
In this section we present the problem formulation and experimental results for static control allocation for a scale model of a thruster-controlled floating platform, see Figure 1 . The high level controller sending commands to the thrust allocation may be dynamic positioning, joystick or thruster assisted position mooring control [16] .
We first illustrate how to obtain an explicit solution to the control allocation problem when the high level controller specifies surge, sway and yaw forces. Secondly, we show how a selected set of thruster or power failure situations can be handled. International regulations for DP operations [17] require that the system is operable after any single point failure, such as loss of a single thruster, single diesel generator or electric switchboard, or single machine room.
A. System Description
The control system takes into account surge-, sway-, and yaw-motions, with the corresponding vessel fixed generalized forces τ := [X, Y, N ]
T . Assume that the vessel has a set of I = 8 rotatable thrusters such that each device has two controls; direction and thrust magnitude. The thruster indexed by i is located at the position r i := [l i,x l i,y l i,z ] T relative to the center of rotation in the vessel fixed coordinate system. Assume further that the force T i from the i th thruster is limited to the x-y plane in the vessel fixed coordinate system. Thruster i then produces a force T i in the direction defined by the azimuth angle α i . The contribution of the i th thruster to the generalized forces acting on the vessel is given by:
In addition we have that each azimuth angle α i and thrust force T i are constrained to the sets
where α i , α i , T i and T i are lower and upper bounds on the azimuth angle and thrust force for the i th thruster, respectively. We introduce the concept of attainable force set 3 :
Definition 1 (Attainable Force Set (AFS)):
The attainable force set for a set of I thrusters is given by
. . , I} } . In other words, the AFS is the set of generalized forces that can be generated by the thrusters while fulfilling the constraints. For dynamically positioned vessels the AFS is usually presented as a capability plot illustrating the wind and sea loads the thruster system on a given vessel is able to counteract as a function of wind speed and direction [18] .
The relationship (5) can be written as the non-linear equation T ∈ R 2 . The generalized thrust vector is then given by the linear equation τ = Bu, 3 In the aviation literature the attainable force set is referred to as the attainable moment set [3] ThA05.5
where u : = [u 1,x u 1,y u 2,x u 2,y . . . u I,x u I,y ] T and the matrix B is given by
It is easy to see that the sets {O i } I i=1 translate into constraints on the controls {u i } I i=1 defined by
We will refer to the sets {C i } I i=1 as attainable thrust regions; the set of surge and sway forces that can be generated by a single thruster.
Definition 2 (Attainable Thrust Region (ATR)):
The attainable thrust region for a set of I thrusters is given by
Hence, the ATR is the set of surge and sway forces that can be generated by a set of thrusters.
1) Thruster Model:
In this paper we utilize a conventional quadratic thruster characteristic [16] , that is, the thrust force from a given thruster is given by
where K T is a strictly positive thrust coefficient, ρ is the water density, D is the propeller diameter, and n is the propeller speed. Assuming constant water density and thrust coefficient we see that γ(·) is reduced to a function only of the propeller speed. Consequently, if for the i th thruster the desired extended thrust vectors are X i and Y i , we recover the thrust force T i and azimuth angle α i from the relationships (5) and the propeller speed from (6) . Note that it is straightforward to replace (6) by a more advanced thruster characteristic. The block diagram for constrained control allocation for the floating platform can be represented as depicted in Figure 2 .
2) Thruster configuration: The thruster configuration for the floating platform is depicted in Figure 3(a) . Since the thrusters are speed controlled, we have T i = 0 leading to convex AFS.
Two azimuth thrusters are placed on each of the four legs and each thruster can rotate 360 degrees. It is not straightforward to obtain the AFS for the vessel due to the following: Considering one leg of the platform, the two thrusters are positioned so close that one thruster may affect the flow pattern around the other thruster, resulting in loss of thrust and non-linear behavior such that K T in (6) depends on the azimuth and speed of the neighbouting thruster. In Figure 3 (b) we have illustrated this interaction by translating the ATRs for the two thrusters on leg one to their physical location on the vessel.
To avoid this interaction, sectors are introduced that are mutually exclusive in the sense that if thruster with index i produces a force in direction α i ∈ S i , then the thruster with index i + 1 is not allowed to produce a force in direction α i+1 ∈ S i+1 , where i ∈ {1, 3, 5, 7}. See Figures 3(b) and 4(a) for an illustration. The most straightforward approach that may be utilized to meet this operational constraint is to introduce forbidden sectors such that thruster i (i + 1) never produce a force in direction α i ∈ S i (α i+1 ∈ S i+1 ), where i ∈ {1, 3, 5, 7}. This means that thruster i can only produce a force in a restricted ATR, that is, u i ∈C i := C i \S i .
B. Solution approach
We convexify and approximate the problem by restricting the ATR for each thruster to be an inner polyhedral approximation of a half circle, see Figure 4 (b). In the sequel, we let inner approximations of the restricted ATRs
. We then minimize P(τ ) offline and explicitly for all τ , with l = 2, R = I, Q = 10 3 × I, and (u, s, τ ) ∈ R 16 × R 3 × R 3 . As described in Section III-A, fault tolerant control allocation may be computationally demanding if an explicit solution to the problem is desired. However, for this particular application, the symmetry of the problem can be exploited to obtain great reduction in both storage space and required off-line computation.
ThA05.5 Consider the case where thruster 1 fails and produces no thrust, abbreviated Pf1. The solution to this problem is obtained simply by constraining the associated controls u 1 to zero. The question becomes whether solving this problem also give us the solutions to the scenarios where thruster 3, 5, or 7 fail. We argue that this is the case for thruster 3, abbreviated Pf3 (the arguments, with obvious modifications, hold for the other situations as well). Pf3 would be identical to Pf1 if the vessel fixed coordinate was rotated 90 degrees, however, surge and sway forces for each thruster would be defined relative to the rotated coordinate system. Consequently, we can obtain the solution to Pf3 by the following procedure:
(i) Rotate the surge and sway components of τ by 90 degrees, i.e i be the control input to thruster i+2, i = 2, . . . , 6 andū * 7 andū * 8 the control inputs to thrusters 1 and 2, respectively. Note that this procedure only works because the yaw component (N ) of the generalized force is not affected by the rotation of the coordinate system due to the symmetry of the problem when the center of rotation is at the center of the platform.
In Table I we have listed cases for which the solution can be found simply by rotation of another solution. Hence, by considering 3 different failure configurations, we obtain solutions for 12 cases.
C. Experimental Results
Experiments are conducted with the 1:100 scale model platform CyberRig I in the Marine Cybernetics model basin in Trondheim.
The explicit solution to the optimization problem consists of 12522 polyhedral regions. A binary search tree [15] was then constructed for the purpose of evaluating the PWA function. The worst case depth of the search tree was 24, worst case number of arithmetic operations needed to find the solution was 264, and the tree was stored using 4.218.546 numbers, 468.923 being integers and 3.749.623 being real numbers.
The QNX real-time system on the experimental scale model platform operates with a sample frequency of 10 Hz. For comparison, on a laptop with a 1.7 GHz Intel Pentium M CPU running Windows XP and MATLAB 7.0 the PWA function could be evaluated at approximately 200 kHz, so the real-time processor was idle for other tasks. In Figure 7 we have depicted commanded and measured 5 generalized forces for the case where all desired generalized forces were contained in the feasible part of the AFS. In Figures 5(a) and 6(a) we have depicted the measured azimuth angles and RPMs, respectively, for the nominal case.
In Figure 8 we have depicted results with thruster failure. Assuming the electric power buses are split into four segments, each corresponding to a machine room and switchboard feeding two thrusters in each leg, this covers all critical single point failures; from a single thruster to a single machine room. In Figures 5(b) and 6(b) we have depicted the measured azimuth angles and RPMs, respectively. We conclude that fault tolerant re-configurable control allocation can be efficiently implemented by the explicit solution approach for the given case study, fully exploiting the symmetry of the given thruster system. ThA05.5
